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Abstract
This paper describes an attempt to model seasonal influenza using the SpatioTemporal Epidemiological Modeler (STEM). Ten years of influenza data collected at 49 locations in Israel by the
Israeli Center for Disease Control was used to fit the model, and a deterministic SIR(S) compartmental disease model was extended to account for seasonal variation in transmission rates as well
as mixing of infected individuals between geographic regions. An adaptive step-size ordinary differential equation solver generated the time series data, and model parameters were fitted to the
first few seasonal cycles of the experimental data and compared to subsequent cycles. The model
used a sinusoidal seasonal variation of the transmission rate using an exponent parameter, and the
best fit exponent was found to be very close to the square root of a sine function (exponent = 0.55),
rather than the simple sine function typically used. Other results found that the transmission coefficient was high most of the year and that spatial mixing was high with 90% of people regularly
visiting adjacent regions. The study obtained an excellent fit for the first two annual cycles (with
less than 3% Root Mean Square error), with rapidly degrading accuracy in subsequent years.
Finally, the annual variation in influenza species and strain suggests that a multi-serotype model
for seasonal flu should provide better predictive capability. STEM and the mathematical models
used in the study are all open source, available at www.eclipse.org/stem. An extension of the model
to incorporate multiple serotypes will be studied in the future.
Keywords: Simulation, Modeling, Health, Seasonal Influenza, Compartmental
Disease Models

1. Introduction

viral diseases such as chicken pox. An individual is usually
at least partially susceptible to new variants of the influenza virus within a few years.
Models for influenza and similar viral diseases have
been extensively studied in the literature [2-6]. Recent
experiments using guinea pigs seem to suggest that seasonal variation in influenza incidence can be explained by
small changes in transmission rate triggered by changes in
temperature and relative humidity [1]. Dushoff et al. [7]
argue that – since SIR(S) disease models have an intrinsic

Influenza epidemics occur every year, generally peaking
in the winter and virtually disappearing during summer.
The seasonal variation of influenza has been attributed to a
number of possible factors including temperature, relative
humidity, indoor crowding as well as variations in host
immune response [1]. Also, since the influenza virus is
constantly adapting (though a process called “antigenic
drift”), immunity is not permanent as it is with some other
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use the Runge Kutta Fehlberg method that takes advantage
of such an adaptive step-size algorithm.
These three equations are subject to several assumptions
and limitations. The first assumption is that the model
parameters (e.g., ) are all constant in time. A simple
bilinear model with constant model parameters will never
produce seasonal oscillations or epidemics. To overcome
this limitation, a “forcing term” is typically added to 
which modulates the transmission coefficient with a periodic function. We use a forcing term that included an
exponent, , to provide independent control of the peak
transmission “seasonal duty cycle” expressed as:

tendency to oscillate (although with dampened effect) –
such changes can be further amplified by dynamic resonance caused by the population dynamics of the host-pathogen system. In this paper, we use this natural frequency
when estimating a starting point for finding optimal disease model parameters.

Table 1: The Basic SIR(S)* Model
*
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<Equation 1>
The equations discussed above define the time evolution
of an infectious disease, but they do not represent the geographic distribution of people or how they move about in
space. The influenza data we hope to model is spatiotemporal and represents time series from 49 locations in the
state of Israel. For our simulation, the details of population
distribution and transportation can be an important factor
in understanding the evolution of an infectious disease in
space and time.
To model the underlying distribution and circulation of
the population, we use a transportation model represented
by Equation 2. Consider two locations, j and k. For individuals at location j, the change in the infectious population has three terms, on site infection, infection from
visitors originating at neighbor site k, and infections from
susceptible individuals visiting site k. If (t) is the same
at sites j and k, and if mjk represents the circulation of individuals between sites j,k for each time step, then the equivalent spatiotemporal differential equation for infectious
individuals become:

dI (t )
S (t )
 (
) I (t )  I (t )  I (t )
dt
P
dR (t )
  I ( t )   R (t )   R (t )
dt

Table 1: The Basic SIR(S)* Model
*Susceptible/Infectious/Recovered(Susceptible)
Our goal in this study is to test our ability to model any
time series and to measure the rate at which models lose
accuracy against that data. Given that the reference data
and the simulations themselves are subject to approximations and experimental uncertainty, our focus is to identify
sources of error and validate approaches to optimizing epidemiological models.
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where the sum is taken over all neighbors k  j and the
computation must be done for all sites j. Here we have
made the implicit assumption that mjk = mkj which is true
for populations with no net migration. In this first attempt
to model the Israeli data, we included only interactions
between adjacent locations. In general, more connections
can be added to model air travel, etc. [8]

Influenza falls into a category of diseases that can be
studied with a compartment model such as an SIR(S)
model, representing the passage of individuals between the
three states; susceptible, infectious, recovered (alternately
referred to as removed), and eventually susceptible again.
The model contains a bilinear interaction term that
describes how infectious people transmit an infection to
susceptible people as a simple product, ( / P) SI.
Three differential equations that define the time evolution of an SIR(S) model are shown in Table 1. Differential
equations with only one independent variable (t) are called
Ordinary Differential Equations (ODEs). Integrating these
equations to determine S(t), I(t) and R(t) can be done
numerically by performing the computation at various
time step lengths and then picking a time step short enough
to minimize the computational error. In this analysis we

2.1. Data
The Israel Center for Disease Control (ICDC), Ministry
of Health, operates an ongoing influenza surveillance system that is based on various clinical and virological data
sources. Maccabi Health Care Services, the second largest
health maintenance organization in Israel that serves about
25% of Israeli population (approximately 1,700,000 members), provides the ICDC’s surveillance system with daily
data regarding visits of its members to outpatient clinics
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Bureau of Statistics [8]. The mapping process was based
on a regions file that is updated by the Central Bureau of
Statistics once a year. This file includes 1445 regions with
their relation to natural area, sub district, and district as
well as details on their municipality status, population,
religion, etc.Each case report corresponds to the identification of “influenza like symptoms” by a primary care physician; as such, they are subject to a variety of errors such as
misdiagnosis, under-reporting, etc. The actual incidence of
disease is expected to be proportional to the number of
case reports. The fraction of incidence that actually gets
reported depends on the fraction of individuals with the flu
that go to the doctor as well as the fraction that are correctly diagnosed.

due to various diagnoses, including influenza like illness
(ILI). Each record includes the patient’s area of residence.
The method used to obtain the data was described previously [9]. For the purpose of this study, the burden of influenza was assessed by the number of visits due to ILI, as it
appears to match fairly well to the influenza activity based
on virological data gathered since 1996 by the network of
sentinel community-based clinics operated by ICDC during the winter months. From this ongoing work we
obtained 10 years of summarized (daily) case reports. The
areas of residence that were collected by the ICDC were
mapped to 49 “natural regions” in Israel. The natural
regions are administrative divisions of the 15 Israeli sub
districts. The division of the State of Israel into districts,
sub districts and natural regions is published by the Central

Figure 1a: A minimum Root Mean Square Error (RMSE) at  = 1.87, 
a = 0.6. A much larger parameter space was studied to find the global minimum
or best fit to the data.
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Figure 1b: Infectious cases (summed over all locations) for fitted model (in blue) and
actual influenza data (green).
To optimize the parameters  m, , a, and  , we fit
only the first two complete epidemic waves, and then studied how the model loses accuracy over the full 10 years of
data. A large number of scenarios were studied varying the
five model parameters over a wide range of values. Each
scenario was initialized so that in each region the number
of infectious cases as well as the initial number of immune
cases matched the reference influenza data. The simulations ran 2 years of simulated time (returning a solution for
each day) and a best fit was found that minimized the Root
Mean Square Error (RMSE) measured against the actual
influenza data. To estimate the overall “goodness” of a fit,
we averaged the RMSE over time [9]:

3. Results
To measure the accuracy of a model, it is desirable to
estimate from the data the corresponding S(t), I(t) and R(t)
values for the population. To estimate these values, we
summed the finite difference equations for an SIR model
using literature values for the recovery rate,  0.1 (10 day
infectious period), birth rates and death rates (from a linear
population model for the state of Israel using actual population data), and the immunity loss rate, ~0.001 (immunity lasting about 3 years). The initial Recovered
population and the reporting fraction were obtained using
the constraints that the Susceptible population is positive
definite, and that, on average, over long times, the derivative dS/dt should be near zero. Under these constraints, we
found a “best” fit for an initial (and average) Susceptible
population of 33.4% and an average reporting fraction of
1%. The reporting fraction was allowed to vary location by
location to minimize drift in R and S over long times.

RMSE ( I s , I r ) 
<Equation 3>
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Figure 2: Infectious cases as predicted by model over all 10 years of data for model fitted to the first two
waves of the epidemic (blue) as well as all 10 years (black). The green curve is the reference influenza
data. The roman numerals indicate the dominant influenza strain for the particular season: I = A/H3N2, II
= A/H1N1 and III = B.

4. Discussion

A minimum RMSE was found using the following
parameter values:  m = 0.9,  a = 0.6 and
 = 1.87. Figure 1a shows the minimum for  and  in
a surface plot. Figure 1b shows the first 2 years of actual
influenza cases (summed over locations) as well as the
best fit model.
Using these same parameters we then ran the simulation
for the full 10 years. As shown in Figure 2 (blue curve), the
simulation loses accuracy beyond the second year and the
rate of increase in RMSE (Figure 3, blue curve) clearly
demonstrates the degradation in accuracy at longer times.
In the first 2 years (the region used for the best fit), the
largest source of error occurs in the wings of the epidemic
wave. In the later years, the amplitude of the epidemic
accumulates increasing the error.

Our results were not unexpected. A seasonal SIR model
does not capture the fact that the strain of influenza varies
year to year. As shown in the Figure 2, the strain in year 3
was in fact different from the strain in years 1 and 2.
Despite the limitations of using a single SIR model to
study a multi-serotype infectious disease, it is still interesting to assess the process we used to develop a best fit predictive model. Fitting the five parameters based on the first
two epidemic waves yielded a RMSE rate of increase of
about 2.5% during the first two years increasing to about
4.5% at 10 years.
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Figure 3: Model accuracy loss as measured by the running RMSE rate of increase over 10 years. The
blue curve is for the model fitted to the first two waves of the data only, while the black curve is fitted for
all 10 years.
months. We also find that the model predicts a basic
reproductive number R0 for influenza of about 4.0, which
is within the range found in other literature for a 100% susceptible population [7]. Our best fit to the spatio-temporal
experimental data also demonstrates that for the state of
Israel, the spatial mixing between regions is relatively high
with 90% of people regularly visiting adjacent regions.
Finally, we conclude that an excellent fit can be obtained
for the first two annual cycles with a rate of error increase
of less than 3%. This is not surprising since the first two
cycles were used to fit the model. However, in subsequent
years the accuracy degrades rapidly. The annual variation
in influenza species and strain clearly suggests that a
multi-serotype model for seasonal flu should provide better predictive capability. A true multi-serotype model
would track population resistance to common circulating
strains and provide an estimate of the populations susceptibility to the strain expected in the next season (e.g., the
dominant strain in circulation in the southern hemisphere)
or, alternatively, predict the influenza strain(s) to which the
population will be most susceptible in the next flu season.
We plan to extend our model to incorporate multiple serotypes in future research.

Also shown in Figure 2 (in black) is a model fitted to all
10 waves of data ( m = 0.9,  a = 0.6 and
 = 1.85). Interestingly enough the difference between
fitting only the first two waves versus fitting all 10 years is
very tiny. As shown in Figure 3, the 10 year model only
becomes slightly better than the 2 year model towards the
end of the 10 year period.

5. Conclusion
In this paper we demonstrated how a spatial SIR(S)
model with a seasonal forcing function performs when
used to model annual epidemics of influenza. Our forcing
function introduced an exponent  to allow control of the
duty cycle for the transmission coefficient season modulation. An interesting finding from this SIR(S) model is that
the best fit seasonal forcing exponent is very close to the
square root of a sine function ( ~0.55). Typically influenza models use a simple sine function (exponent 
square root dependence suggests that even in the subtropical climate of Israel, the transmission coefficient is high
for more than half the year, suppressed only in the summer
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